We investigate structure of 13 Λ C and discuss the difference and similarity between the structures of 12 C and 13 Λ C by answering the questions if the linear-chain and gaslike cluster states, which are proposed to appear in 12 C, survives, or new structure states appear or not. We introduce a microscopic cluster model called, Hyper-Tohsaki-Horiuchi-Schuck-Röpke (H-THSR) wave function, which is an extended version of the THSR wave function so as to describe Λ hypernuclei. We obtained two bound states and two resonance (quasi-bound) states for J π = 0 + in 13 Λ C, corresponding to the four 0 + states in 12 C. However, the inversion of level ordering between the spectra of 12 C and 
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Nuclear clustering, as well as the mean-field-type correlation, is an important basis to understand nuclear many-body systems [1, 2] . Appearance of the clustering is strongly associated with cluster-decay thresholds. The so-called Ikeda diagram, which refers to the necessary condition about the excitation energy for the formation of cluster states, tells us that a cluster structure appears around the corresponding threshold, while if the excitation energy is low enough below the threshold, the cluster structure dissolves into a mean-field state as a result of strengthened interaction between the clusters [3, 4] . This condition known as the threshold rule allows us to consider that if a certain system involves a variety of thresholds, a variety of corresponding cluster states likely to appear. This threshold rule for nuclear clustering seems to be more important in light Λ hypernuclei [5] . For example, in 12 C, the lowest threshold is the one to decay into 3α clusters located at 7.27 MeV. The famous Hoyle state [6, 7, 8] exists at 0.38 MeV above the threshold and is known to have well developed 3α cluster structure. However, the situation amazingly changes if a Λ particle joins in 12 C, namely being 13 Λ C. There appear new cluster species with the Λ particle, i.e. Λ Be thresholds, as well as the 12 C + Λ threshold, newly show up below the 3α + Λ threshold (see Fig. 1 ). This situation implies that in 13 Λ C, according to the threshold rule, various cluster structures, which are not limited to the 3α + Λ clustering, play an important role in the formation of its excited states.
In this study, we focus on the many-body cluster dynamics appearing in 13 Λ C, and investigate the structures of its excited states up to around the 3α + Λ threshold. If the Λ particle is put into a core nucleus, what kind of structure change is expected has been an important issue in structure studies of hypernuclei. The above argument may then give an important hint to answer this question.
Although in Λ hypernuclei, two-body cluster systems like
Λ Be, etc [9, 10, 11, 12, 13, 14, 15, 16, 17] , have well been investigated, more-body cluster systems were only poorly discussed so far. In 13 Λ C, which is obviously a typical example of multi-clustered hypernuclei, several authors have discussed its nature by using cluster models, like the Resonating Group Method (RGM) [9, 18] and Orthogonality Condition Model (OCM) [10, 19, 20] . Concerning the structure aspect, however, a special emphasis was only put on the difference of properties that appears when the Λ particle couples with the shell-modellike state or the cluster state. They considered the (1/2)
Preprint submitted to Physics Letters B April 9, 2018 to correspond to the Hoyle analog state in which the Λ particle couples with the Hoyle state. They found that the (1/2) + 2 state has much smaller r.m.s. radius than that of the Hoyle state in 12 C, due to a gluelike role of the Λ particle, while the ground state has negligibly small contraction by the Λ particle, due to its saturation property. This is because the Hoyle state has very dilute density which is about 1/3 of saturation [21] , so that a much larger shrinkage effect was obtained when the Λ particle is added to the Hoyle state. On the other hand, the energy gain due to the additional Λ particle for the Hoyle state is only a half of that for the ground state, which derives from difference between the 12 C(0 + 2 ) + Λ and 12 C(0 + 1 ) + Λ folding potentials, reflecting the difference of density distributions of both states [9] .
We should also mention that contrary to the situation in 13 Λ C, the excited states of 12 C have been extensively studied by using the cluster models such as the RGM [22] , Generator Coordinate Method (GCM) [23, 24, 25, 26] , and OCM [27] . All these models could succeed in reproducing the experimental data for the low-lying states including the Hoyle state [28] . In particular, in the last 15 years, it was established that the Hoyle state has a "Bose-condensate" like feature, where the 3α clusters weakly interact with each other like a gas and occupy an identical orbit [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] . The important contribution to the establishment of this concept was given by the so-called Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function of the α condensate type character [29, 41] , in which the RGM and GCM wave functions for the Hoyle state were shown to be almost equivalent to a single configuration of the THSR wave function [30] .
While it is now widely accepted that the Hoyle state has the new feature as α condensate, exploration of excited states above the Hoyle state is in a frontier of nuclear structure problems. For example, the second J π = 2 + and 4 + states were very recently observed at around 10 MeV [42, 43, 44, 45, 46] [44, 51] . Theoretically the 0 + 3 and 0 + 4 states were obtained around the 10 MeV region by using the 3α OCM, with a proper resonance boundary condition [52, 53] . In Ref. [52] , it was mentioned that the 0 + 3 has an S -wave dominant structure, according to an extrapolation method. On the other hand, the Antisymmetrized Molecular Dynamics (AMD) and Fermionic Molecular Dynamics (FMD) calculations predicted that the 0 + 4 state has a bent-armed shape of the 3α clusters, which resembles a linear-chain structure of 3α clusters [54, 55, 56] , though in these calculations the 0 + 3 state is missing [57, 58, 59] .
Very recently these 0 + states above the Hoyle state are also investigated by using the THSR wave function with an extension to include 8 Be + α asymptotic configuration [50, 60, 61 ] and a treatment of resonances [34] , since this wave function is known to be highly reliable for the description of the Hoyle state [30] . The both 0 + states are reproduced well, and it is concluded that the 0 
where β i (i = 1, 2) are variational parameters to characterize a size and shape of the nucleus, while the other parameter b is fixed at 1.348 fm, which is close to the size of the α particle in free space, throughout this paper. ξ i (i = 1, 2) are the Jacobi coordinates between the 3α clusters,
, and µ i = 2i/(i + 1). A is the antisymmetrizer acting on 12 nucleons. We should mention that this model was employed in the previous study of 12 C and is shown to reproduce very well the excited states above the Hoyle state, the Hoyle band (0 [50, 60] . In the present work, we add one Λ particle to this THSR wave function in the following way,
with
where the ϕ Λ (κ) is the wave function of the Λ particle with its width parameter, κ, which is out of the antisymmetrization,
with m N and m Λ being nucleon and Λ-particle masses, respectively, and
with R 4 a position vector of the Λ particle. We refer to this wave function as the Hyper-THSR (H-THSR) wave function [71] in this work. We should note that the present model wave function breaks rotational symmetry for the center-of-mass motions of the α particles and Λ particle, though in our previous work the Λ particle motion is kept spherical [71] . Throughout this work, axially symmetric deformation is taken into account, i.e. β x = β y β z and κ x = κ y κ z . This allows for coupling of the Λ particle in non-zero spin partial waves with the deformable 12 C core. The rotational symmetry is restored by introducing the angularmomentum projection operator, like Φ
with N a normalization constant. Then we suppose the following linear combination in terms of the parameters, β 1 , β 2 , and κ, to obtain the energy eigenstates:
The coefficients of the linear combination, f λ (β 1 , β 2 , κ) can be determined by solving the Hill-Wheeler equation as follows:
In this calculation, we adopt the following values of the parameter set:
For Hamiltonian, we use the following microscopic one composed of the kinetic energy T i , the effective nucleon-nucleon force, V 
where T G is the spurious center-of-mass kinetic energy and the negligibly small NΛ spin-orbit force is not taken into account in this work. For V
we adopt the same NN force as used in Refs. [50, 60] , Volkov No. 2 force [72] , where the strength parameters are slightly modified [28] . For the NΛ interaction, we adopt the spin-independent parts of the YNG interaction, ESC04a [73, 74] , where the fermi-momentum parameter is taken to be k F = 1.0734 fm In Fig. 1 , the calculated J π = 0 + spectra of 12 C and Spectrum of 12 C calculated with THSR wave function is taken from Refs. [50, 60] . the loosely coupled 3α cluster structure like a gas. The 0 + 3 state has a higher nodal structure in the internal motions of the α clusters than in the Hoyle state [60] . In Ref. [61] , this state is also discussed and is concluded to be the vibrational excitation from the Hoyle state. On the other hand, the 0 Λ C, first we should mention that we simply denote the spectrum of 13 Λ C as J π = 0 + states, neglecting the intrinsic spin 1/2 of the Λ particle, for simplicity. From this figure, one can see that 13 Λ C gives more decay channels than 12 C, i.e. Λ + 12 C(0 Then one might suspect that these resonance states are difficult to handle in the present bound state approximation, in which nevertheless we obtain them as quasi stable states. However, according to the energy gain for all these states, we can see the contraction of the size of them, as we will discuss in the next in Table 1 . This indicates that the amplitudes of the wave functions of those states are pushed toward the inside, which can play a role in preventing the states from decaying in a short life time, i.e. from having a broad decay width. Although we have checked the stability of the solutions in Eq. (6) by varying the adopted values of the parameter set, we further calculated the widths decaying into the possible channels, by using the separation energy method based on the R-matrix theory [75] . The 0 [44] , in which therefore some techniques to impose resonance boundary condition are necessary in theoretical treatment [50, 52, 53, 76] . These results thus allow us to safely discuss these states in has 2 nodes for the RWA). We will discuss in more detail the resonance nature of this state in a forthcoming paper.
In Table 1 , we show the root mean square (r.m.s.) radius of the core R (c) rms , the r.m.s. distance between the core and Λ particle R (c−Λ) rms , and the r.m.s. radius of 13 Λ C, R rms , together with the r.m.s. radius of isolated 12 C calculated in Ref. [50] . We can see that the higher excited state has a larger r.m.s. radius. The most important result that can be deduced from the calculated r.m.s. radii for these states is that only the 0 + 4 state is qualified to be a gaslike cluster state, since only this state has a larger r.m.s. radius 4.3 fm than the one of the Hoyle state 3.7 fm, which is the typical gaslike cluster state of the 3α clusters. The r.m.s. radii for the other states are small enough compared with the Hoyle state radius. We will later discuss the mechanism in detail.
We also show in Table 1 the Λ binding energies, E Λ , which are defined as the binding energies for the 0 states relative to the corresponding 12 C(0
Here we should note that concerning the correspondence between both the spectra in Table 1 the experimental data of E Λ for the ground state, and this value, 11.69 MeV, is sizably smaller than the calculated one 15.0 MeV. This is, however, well known to happen when using the NΛ YNG potential, in which its density dependence is controlled by the adjustable fermi-momentum parameter k F , since the present k F value adopted to reproduce the binding energy of 9 Λ Be with clustering nature, as well as that of 5 Λ He, is not appropriate for the ground state of 13 Λ C with more compact shell-model-like structure [10] .
As mentioned in Introduction, the ground state that has saturation density experiences almost no shrinkage by the additional Λ particle but gains much larger binding energy than cluster states like the Hoyle state whose density is far below the saturation. That difference can be seen for the 0 Λ C is justified. These questions can be answered with the analysis of S 2 -factor for the four 0 + states decaying into various channels, defined as,
where Y i (r), the reduced width amplitudes (RWAs), are defined below,
In the above equations, ξ i are relative distances between 12 C and Λ particle for i = 1, · · · , 5, 8 Be and included. This is because the binding energy of the 9 Λ Be is so large that it is energetically favored that the injected Λ particle shrinks the core and forms α + Fig. 1 ), which follows the so-called threshold rule, indicating that cluster states appear around the corresponding threshold energy. It is to be noted that this state is overbound below the thresholds and appears as the bound state, since the shrinkage effect of the Λ particle is strong enough to make this state very compact object. One can again see in Table 1 that the r.m.s. radius 2.9 fm of this state is much smaller than that of the Hoyle state 3.7 fm.
On the other hand, the 0 12 C by adding the Λ particle. In Refs. [50, 60] the author pointed out that the Hoyle state is further excited by strong monopole transition, to give rise to the 0 + 3 state in 12 C, which has a higher nodal structure in the internal motions of the 3α clusters than what the Hoyle state has.
We show in Fig. 4 the RWAs defined in Eq. (9), rY We can see that the 0 + 3 state in 12 C (dotted curve in blue) has four nodes while in the Hoyle state (dotted curve in red) three nodes disappear and the corresponding oscillation remains. It is argued that these nodes appear as a result of the Pauli principle acting on the nucleons between the two clusters (in this case α and 8 Be) and outermost nodal point corresponds to the core radius, or the touching radius between the two clusters [77] . Then the disappearance of the nodes indicates dissolution of the core and is the evidence that dilute gaslike cluster state appears, as long as a long tail behavior also remains, as in the Hoyle state [33, 36, 50, 63] .
Let us now consider the RWAs for the 0 It is important to mention that this Hoyle analog state uniquely appears in 13 Λ C and we cannot expect in 13 C 2α + 5 He gas, since 5 He is not bound [68] , whereas 5 Λ He is bound by 3.1 MeV. Furthermore, in this Hoyle analog state, it is not energetically favored that, for example, the Λ particle covalently exchanges with the gaslike 3α clusters, rather than forming the 2α + 5 Λ He gas, in which the potential energy gain due to its formation of 5 Λ He cluster prevails against the loss of kinetic energy by its localization around an α cluster. This again raises the importance of the threshold rule.
We can also say that the fact that the 0 Next we discuss the structure of the 0 + 3 state. Since this state can be regarded as Λ coupling to 12 C(0 + 4 ) state that dominantly has a linear-chain configuration of the 3α clusters, we can expect that such an exotic structure like the linear-chain is also realized in hypernuclei. According to Refs. [28, 52, 57, 50] , the 0 
where the κ values are taken to give maximum values of the squared overlap for a given β 1 = β 2 parameter value.
In Fig. 5 , the contour map of the squared overlap Eq. (10) is shown. This figure corresponds to Fig. 6 in the previous publication [60] , in which essentially the same quantity was calculated for the 0 + 4 state in 12 C, i.e. for the linear-chain state in 12 C. We can see that, in principle, the behavior does not change. Only the parameter values β x = β y , β z giving the maximum shift from (β x = β y , β z ) = (0.6, 6.7 fm) to (β x = β y , β z ) = (0.4, 4.6 fm). This rather large shift along z-axix is due to the shrinkage effect by the Λ particle. The optimal parameter value for the Λ particle is then calculated (κ x = κ y , κ z ) = (1.7, 4.8 fm), indicating that the Λ particle also keeps strongly prolately-deformed shape so as to cover the whole region occupied by the 3α clusters. This helps to gain overlap between the Λ particle and the 3α clusters, and hence to gain the Λ binding energy.
We also show in Fig. 6 (Left) the intrinsic density profile of nucleons at the optimal parameter value (β x = β y , β z ) = (0.4, 4.6 fm), cut at yz-plane. In comparison, the one of the 0 + 4 state in 12 C is also shown at right, which is taken from Fig. 7 in Ref. [60] and is calculated at the optimal parameter value (β x = β y , β z ) = (0.6, 6, 7 fm) in the same THSR ansatz. The distinct linear-chain structure of the 3α clusters can be seen. This component is included in the 0 + 3 state by 47 % as a main configuration, which is almost the same as in the 0 + 4 state of 12 C, 47 %. The nucleons are contracted along the z-direction from β z = 6.7 fm for 12 C to β z = 4.6 fm for 13 Λ C, which we can also clearly see from both the figures. We can thus conclude that the Λ particle makes the linear-chain structure in the 0 + 4 state of 12 C kept as it is and only shrinks the 3α clusters along z-axis. [60] , is also shown (see Ref. [60] for details).
In conclusion, we investigated J π = 0 + states in 
